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Abstract 
Bi-material interfaces exist in many advanced materials and structures. Measurement of interface bonding strength is 
more diffucult than measurement of strengths of homogeneous materials because of the presence of stress singularity 
at the interface corner, non uniform stress distribution along the interface and co-existence of normal and shear stress 
components. The order of the stress singularity depends on the interface geometry and material combination. Besides 
pure tensile and pure shear strength, a general biaxial normal-shear bonding strength criterion, for example, in the 
form of a strength envelope in normal-shear stress plane, is prefered to more realistically and adequately characterize 
the strength property of bi-material interface. This paper presents a new test method to determine the interface 
bonding strength envelope. The design of specimen geometry is based on an axi-symmetric asymptotic analysis on 
the stress field near the free edge of the bi-material interface, through which appropriate interface bonding angle is 
chosen to eliminate the stress singularity. As an example, the epoxy-aluminum interface strength envelope is 
determined by the new proposed method. 
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1. Introduction 
Bi-material interfaces exist in many advanced materials and structures. The interface bonding strength 
plays a decisive role in the global and functional properties of these materials and structures since 
damages or failures are most likely to occur at the bi-material interfaces. The measurement of the 
interface bonding strength is thus critical for the design and application of structures with two or more 
materials.  
The current practice for the measurement of the interface strength of bi-materials can be classified as 
tensile strength test and shear strength test. For the shear strength test, most commonly used methods are 
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in the category of lap joint tests, such as these specified in ASTM D3165 [1] and ASTM D3528 [2]. In 
these standard test setups shear stress is generated by the pulling forces at the two ends of the specimen. 
Ideally, the pure shear stress should be parallel to the bonding plane and uniformly distributed over the 
entire interface area to obtain the correct interface shear strength. The current test setups, however, 
generate multi-axial stress status near the bond termini areas and stress singularity at the edge of the bi-
material interface. As a result, the specimen could be failed in the shear, tensile, or cleavage crack mode 
[3] instead of the pure shear mode. Tensile bonding strength test are based on the butt joint specimen as 
described in ASTM D897 [4] and ASTM D2095 [5], where tensile loadings are applied to the two ends of 
the specimen. This butt joint test setup has the same shortfall as the lap joint setup in shear test, i.e. co-
existence of tensile and shear stress components at the interface and stress singularity at the free edge of 
the interface. Theoretically, the stress will be infinite at the free edge of the interface due to the 
singularity. It is therefore not accurate or realistic to calculate the interface shear or tensile strengths by 
the ratio of the failure load to the entire bonding area.  
In practical applications, the bi-material interface can be in various combinations of normal and shear 
stress components depending on loading conditions. Therefore, besides the pure tensile strength and the 
pure shear strength, a general normal-shear bonding strength criterion, for example, in the form of a 
strength envelope in normal-shear stress plane, is preferred to realistically and adequately characterize the 
strength of bi-material interface. To solve the stress singularity problem in the test of bi-materials, Wang 
and Xu [5] suggested convex interfacial joints with least stress singularities in dissimilar materials. Xu [6] 
also proposed a new method for determining the interface strength between epoxy and E-glass by creating 
a proper bonding angle through machining a circumferential fillet between two materials. Recently, 
Lauke [7], Lauke et al. [8] and Schneider et al. [9] proposed a new type of specimen configurations by 
introducing a curved interface between two materials in the flat coupon specimen. This method 
successfully eliminates the stress singularity along the width direction but not along the thickness 
direction as they found this deficiency themselves [8]. Improved test methods are therefore needed to 
avoid stress singularity and to obtain reasonable results of bi-material interface bonding strength. To 
adequately characterize the bi-material bonding strength for practical applications, a normal-shear 
interface bonding strength criterion (strength envelope) is also needed. 
2. Specimen design and asymptotic solution of interface stress field
A cylindrical specimen of two bulk materials with a spherical interface as shown in Fig 1(a) is 
proposed to measure the interface bonding strength of the two materials by eliminating stress singularity. 
In this design, the soft material is at the convex side of the interface, while the hard material is at the 
concave side of the interface. The bonding angle, θ0 is defined as the angle of the tangent of the spherical 
interface at the free edge to the generator of the cylindrical surface. For a given pair of materials, there 
exists a critical value of the bonding angle, θc which delineates the singular and non-singular stress field 
near the free edge. Therefore, the stress singularity can be avoided if the bonding angle is less than the 
critical bonding angle.  
(a)
Fig 1. (a) Proposed cylindrical 
specimen with spherical interface;  
(b) Axi-symmetric model of the 
proposed specimen. 
(b) 
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The 2-D axi-symmetric model of the specimen is shown in Fig 1(b). The radius of the spherical 
interface is “a”. Let consider the z-axis as the axi-symmetric axis, ρ is the radial direction and R is the 
cylindrical radius. It is well known that the displacement and stress components in cylindrical coordinates 
(ρ, ψ, z) can be represented in terms of two harmonic functions ),(1 zρφ and ),(2 zρφ . At the same time 
the following compatibility equation (Eq. 1) should be satisfied. 
01 2
2
2
2
=⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂+∂
∂+
∂
∂
iz
φρρρ
, where i = 1, 2                      (1) 
And, the displacement and stress fields are given by 
)()2/1( 21 φφρμρ zU +∂
∂=                                                                                                         (2a) 
221 )1(4)()2/1( φυφφμ −−+∂
∂= z
z
U z                 (2b) 
)(2)( 2212
2
φυφφ
ρ
σ ρ zz ∂
∂−+
∂
∂=                                  (2c) 
)()2(2)( 2212
2
φυφφσ
z
z
z
z ∂
∂−−+
∂
∂=                          (2d) 
])1(2)([ 221 φυφφρτ ρ −−+∂
∂
∂
∂= z
zz
                              (2e) 
where, μ is the shear modulus and ν is the Poisson’s ratio. 
Set a polar coordinate system as shown in Fig. 1(b). Its origin is at the free edge corner O of the bi-
material interface and θ  is measured from the generator of the cylinder. From Fig 1(b),  θρ sinrR −=
and θcosrz = , and the Eq. (1) is reduced to 
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Since stress singularity can only occurs at the corner of the interface, we are interested in finding 
asymptotic solution of Eq. (3) near the origin O. Choosing Rr /  as a small perturbation parameter and 
using the expansion: k
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From Eq. (4) and  (5) and collecting items with same order of (r/R), one obtain,  
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After obtaining iφ , the displacements and stress components can also be expressed in the series form 
by using equation (2a-2e). The solution must satisfy the following boundary conditions (the subscript 1 
and 2 represent the material 1 and 2): 
at 0θθ = :          21212121 )()(,)()(,)()(,)()( θθθθθθ ττσσ rrrr uuuu ====
at 0=θ :           0)(,0)( 22 == θθ τσ r
at πθ = :           0)(,0)( 11 == θθ τσ r
The first term of the solution (k=0) is the dominating term for the stress state to be singular and 
through a tedious manipulation, the following set of eight homogeneous equations can be obtained:  
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In the above, 
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The condition for the existence of the non trivial solution of Eq. (6) is its determinant to be zero. Thus 
an eigen-value equation for λ  is obtained. Since the order of the stress singularity at the edge of the 
bonded joint is λ-1, for 1)Re(0 << λ , the stress component goes to infinite when 0→r , i.e. there exists
stress singularity. For any combination of materials the critical bonding 0θ  is determined by using Eq. (6) 
which demarcates the value of λ changing from less than 1 to greater than 1. Any angle less than the 
critical angle will lead λ>1, i.e. stress singularity can be eliminated. For example, for aluminium-epoxy 
bi-material interface, based on their elastic properties listed in Table 1, it is found that the eigen-value 
013.1=λ  when °= 49θ and 996.0=λ   when °= 50θ , therefore, the critical bonding angle for aluminum 
and epoxy interface is between 49˚ and 50˚.
Table 1 Material constants of aluminum and epoxy
                    Aluminum                                     Epoxy
Elastic Modulus 71 GPa 1271 MPa 
Poisson’s Ratio  0.3 0.415 
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3. Determination of normal-shear bonding strength envelope for aluminium-epoxy bi-material 
interface
Since the critical bonding angle is determined as between 49° and 50°, the specimens are designed 
with spherical interface of bonding angle of 47°. Tests are carried out with the designed specimen under 
pure tensile, pure torsional and various combined tensile-torsional loadings. For each case the maximum 
failure load is recorded. Using finite element analysis the stress distributions along the interface are 
obtained at the failure load for each loading case. For example, the stress distributions for the pure tensile 
and pure torsional loadings are shown in Fig 2. Note that for pure shear loading there exists only shearing 
interface stress component. 
Fig. 2. Left graphic: stress distribution along the interface for pure tensile loading;   
         Right graphic: shear stress distribution along the interface for pure torsional load. 
Though there is no stress singularity at the interface corner for the proposed method, the stress 
distributions are not uniform along the interface. Therefore the following iteration procedure is adopted to 
determine the normal-shear interface bonding strength envelope. The pure torsion test gives the pure 
shearing stress at the interface. Fig 2(b) shows that the maximum interface shearing stress is τs =20.86 
MPa at the maximum torsional load. Therefore this value is taken as the interface shearing strength. 
Taking the von Mises equivalent stress as the first trial criterion, i.e  
222 )86.203(3 ×=+ τσn or 1)86.20()13.36(
22 =+ τσ n              (7) 
where,  nσ  and τ  are interface normal and shear stress respectively. 
 From the interface normal and shear stress curves for each test loading case, the location on the 
interface of the maximum value of 22 3τσ +n  is found; recording the corresponding pair of normal and 
shear stress values as )1(, ],[ kkn τσ , k=1, N, with N being the number of different loading cases. Note, 
except the point ],0[ sτ  obtained from the pure shear test, other N-1 points generally would not be on the 
curve expressed by Eq. (7) as shown in Fig. 3 with the first iteration data points and the first assumed von 
Mises criterion. Next, we try to find best fit curve for the 10 points of the 1st iteration in Fig 3 and still 
assume a quadratic expression. By keeping the value τs =20.86 MPa the second iterative criterion is 
obtained as 
    1)
86.20
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45.16
( 22 =+ τσ n                                                                                                  (8) 
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Fig. 3. Final interface strength envelope of epoxy and aluminum interface 
Based on the above second trial criterion, a second set of stress points )2(, ],[ kkn τσ k=1 to 10 is 
obtained based on the new criterion, see Fig 3 for the second iteration data points and corresponding 
envelope. Continue taking the quadratic form and keeping the value τs =20.86 MPa, the third iteration 
gives,
1)
86.20
()
76.19
( 22 =+ τσ n (9)
The fourth iteration produces the same result as the Eq. (9). Therefore, the equation (9) represents the 
normal-shear interface bonding strength criterion (envelope) of the aluminium/epoxy interface, see Fig 3 
of the 3rd iteration failure envelope and the data points. 
4. Conclusions 
A new test method that includes special design of specimen, test procedure and calculation algorithm 
is proposed to determine bonding strength of bi-material interface. The method is based on an asymptotic 
solution of bi-material interface stress analysis. As an example the interface bonding strength between 
aluminum/epoxy interface is determined by the new proposed method. 
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